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Alexis Gerbeau, Chair 
Committee on Life Insurance Financial Reporting 

Date: December 21, 2013 

Subject: Research Paper – Calibration of Stochastic Risk-Free Interest Rate 
Models for Use in CALM Valuation 

The Committee on Life Insurance Financial Reporting (CLIFR), through its Calibration 
Working Group, has adopted a multi-phase approach in the development of calibration 
criteria for stochastic risk-free interest rate models. 

The initial phase focused on calibration criteria for long-term, risk-free interest rates. The 
results and recommendations of the working group’s work were published in an 
educational note in December 2009. 

This update focuses on short-term and medium-term risk-free interest rates, and the 
relationship between short-term and long-term rates (slope). The calibration criteria for 
long-term risk-free interest rates have also been reviewed and updated to reflect 
experience through to the end of 2012. 

These calibration criteria are directly applicable to Canadian risk-free interest rates or 
instruments denominated in Canadian dollars, but could be adapted for the U.S. and other 
developed countries. 

The calibration criteria are based on historical interest rate data starting in the 1930s, 
which were considered sufficient to span a wide range of possible future risk-free interest 
rate outcomes. As part of the update to this research paper, the initial phase calibration 
criteria that were based on historical experience of long-term risk-free interest rates 
through 2007 were updated to include experience through 2012. The updated distribution 
of rates used as the basis for the steady state calibration criteria showed a widening gap 
between historical experience and calibration criteria at the 5th and 10th percentile points. 
As a result, it was decided that it was appropriate to revise the calibration criteria.

http://www.cia-ica.ca/docs/default-source/2009/209122e.pdf
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As with all items that are promulgated by the Actuarial Standards Board (ASB), CLIFR 
intends to review updated experience from time to time, which could lead to revisions to 
the calibration criteria in the future. Specifically, if the percentile levels of the updated 
historical interest rate experience drift by more than 20 to 30 basis points from the 
corresponding experience through 2012, then it would be appropriate to review the 
calibration criteria1 (section 4.1.1). 

The focus of this research paper is on the development of calibration criteria for 
calibrating stochastic risk-free interest rate models used in the production of risk-free 
interest rate scenarios for the Canadian Asset Liability Method (CALM) valuation of 
insurance contract liabilities. This may require that a large number of scenarios be 
generated. For valuation purposes a subset of scenarios or a reduced number of scenarios 
that are meant to represent the full set of stochastic scenarios may be used. Scenario 
reduction methodologies are beyond the scope of this paper. The actuary may refer to 
CIA guidance on the use of approximations, and other literature that is available that 
deals with scenario reduction techniques. 

Finally, CLIFR would like to acknowledge the contribution of the working group and 
thank the members—Wallace Bridel, David Campbell, Sara Lang, Chen Xing, Martin 
Labelle, André Veilleux, Chong Zheng, and Nadine Gorsky—for their efforts. The 
members have contributed based on their own skills and expertise. The thoughts in the 
research paper reflect a general consensus view of the members of the working group. 
Nothing in this paper should be construed as expressing the views of any of their 
employers, nor be considered a view or position regarding the policy of the regulators. 

In accordance with the Institute’s Policy on Due Process for the Approval of Guidance 
Material Other than Standards of Practice, this research paper has been prepared by 
CLIFR, and has received approval for distribution by the Practice Council on December 
21, 2013. 

Questions or comments regarding this research paper may be directed to Alexis Gerbeau 
at alexis.gerbeau@standardlife.ca. 

 

BL, AG

                                                 
1 If interest rates stay at levels observed at the time of drafting this update, then it is likely that revisions to 
the calibration criteria would be made by 2015–2016. 

mailto:alexis.gerbeau@standardlife.ca
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1. PURPOSE/SUMMARY 
The purpose of this research paper is the development of criteria for calibrating stochastic 
risk-free interest rate models used in the production of risk-free interest rate scenarios for 
the CALM valuation of insurance contract liabilities. Included are updates to the 
guidance for the long-term (term to maturity of 20 years and longer) risk-free interest rate 
and new guidance for the short-term (one-year maturity) risk-free interest rate, medium-
term (five- to 10-year maturity) risk-free interest rates, and the slope2 of the yield curve. 

In the Standards of Practice there are recommendations regarding the selection of 
stochastic risk-free interest rate scenarios. Different stochastic risk-free interest rate 
models, and parameterizations of the models, can produce significantly different sets of 
scenarios. Notwithstanding any definition for a plausible range on Canadian risk-free 
interest rates, the Standards of Practice provide little guidance on the selection, fitting, 
and use of a stochastic risk-free interest rate model. A goal of CLIFR is to narrow the 
range of practice, and this additional guidance supports this goal. 

The calibration criteria presented in this research paper are intended to be used for the 
validation of real-world scenario sets that project the evolution of the risk-free rates over 
long-term horizons for the valuation of insurance contract liabilities. Conversely, the 
calibration criteria presented in this research paper would be inappropriate to validate a 
set of interest rate scenarios intended to reflect current market dynamics. 

It would be considered best practice to model both general account and segregated fund 
account fixed-income assets consistently where risk-free real-world interest rate scenarios 
are utilized. As such, the research on the calibration of fixed-income returns for 
segregated fund liabilities is being developed consistently with this research paper. 

The normal approach to building a stochastic risk-free interest rate model and generating 
interest rate scenario sets would be to choose a model form and then to estimate an initial 
set of parameters for the model using statistical techniques. The scenario set resulting 
from the model would then be examined to determine if calibration criteria were satisfied. 
If necessary, the parameters would then be adjusted in order to produce a revised scenario 
set that satisfies the calibration criteria. 

Strict adherence to the calibration criteria may not be necessary in order for the stochastic 
risk-free interest rate scenarios to be used, particularly where some of the short-term 
rates, long-term rates, or slopes do not have a material impact on the valuation. It may 
also be possible to satisfy left-tail calibration criteria, but not right-tail calibration criteria 
if it can be shown that this provides for a more conservative result. In these cases, refer to 
CIA guidance on materiality and the use of approximations. 

Finally, there are many stochastic risk-free interest rate models that are available, ranging 
from fixed to stochastic volatility and single to multiple regimes. It is not possible to list 
all of the models. However, general comments and an overview of a few selected models 
are provided in appendix A. 

                                                 
2 Defined as the long-term risk-free rate minus the short-term risk-free rate. 
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For convenience, the calibration criteria for long-term and short-term risk-free rates and 
slopes are summarized below. For medium-term risk-free rates, qualitative guidance is 
presented in section 7. The calibration criteria are expressed as bond equivalent yields. 

Calibration Criteria for the Long-Term Risk-Free Interest Rate 
(≥ 20-year Maturity) 

Horizon Two-Year 10-Year 60-Year 
Initial Rate 4.00% 6.25% 9.00% 4.00% 6.25% 9.00% 6.25% 

Left-Tail 
Percentile 

2.5th 2.85% 4.25% 6.20% 2.30% 2.90% 3.65% 2.60% 
5.0th  3.00% 4.50% 6.60% 2.50% 3.20% 4.25% 2.80% 

10.0th 3.25% 4.80% 7.05% 2.85% 3.65% 4.95% 3.00% 

Right-Tail 
Percentile 

90.0th 5.15% 7.80% 10.60% 6.85% 9.35% 11.60% 10.00% 
95.0th 5.55% 8.30% 11.20% 7.85% 10.40% 12.80% 12.00% 
97.5th 5.85% 8.70% 11.70% 8.85% 11.40% 13.90% 13.50% 

A range of values around the historical median may be produced and would be 
acceptable, although a median at the 60-year horizon in the 4.50% to 6.75% range would 
generally be expected. A median outside of this range would need to be supported by 
justification. 

For all stochastic long-term risk-free interest rate models, the rate of mean reversion 
would not be stronger than 14.5 years. 

Calibration Criteria for the Short-Term Risk-Free Rate (One-Year Maturity) 

Horizon Two-Year 60-Year 
Initial Rate 2.00% 4.50% 8.00% 4.50% 

Left-Tail 
Percentile 

2.5th 0.85% 2.35% 5.50% 0.80% 
5.0th  1.00% 2.70% 5.95% 0.90% 

10.0th  1.15% 3.10% 6.40% 1.00% 

Right-Tail 
Percentile 

90.0th 3.00% 5.90% 9.75% 10.00% 
95.0th 3.35% 6.30% 10.25% 12.00% 
97.5th 3.60% 6.65% 10.65% 13.50% 

Calibration Criteria for Slope (the long-term rate less the short-term rate) 

Horizon 60-Year 

Left-Tail Percentile 
5th -1.00% 
10th -0.25% 

Right-Tail Percentile 
90th 2.50% 
95th 3.00% 

Further detail is provided in the rest of this research paper. 
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2. GOALS AND PRINCIPLES 
To produce reasonable calibration criteria, the following principles were adopted. The 
calibration criteria would: 

• Be sufficiently robust to narrow the range of practice, but allow the actuary to 
apply reasonable judgment to specific circumstances; 

• Be applied to the risk-free interest rate scenario sets produced; 
• Be applied to the near term in addition to the steady-state portions of the risk-free 

interest rate scenarios produced; 
• Promote the development of risk-free interest rate scenario sets that reflect yield 

curve shocks as well as long-term paths of declining and rising interest rates, 
consistent with history; and 

• Encompass a wide distribution of risk-free interest rate scenarios as well as 
persisting environments over extended periods of time. 

A combination of quantitative calibration criteria and qualitative guidance was 
developed. Quantitative criteria are provided for the short-term and long-term risk-free 
rates. A set of calibration criteria based solely on quantitative analysis may place too 
large a reliance on historical data, can be subjectively influenced by the choice of 
historical period, and does not take into consideration economic and monetary differences 
between the historical period selected and the current time. Qualitative guidance, such as 
that presented for medium-term risk-free rates in this research paper, supplements 
quantitative requirements and encourages the actuary to use judgement to assess the 
appropriateness of the stochastic risk-free interest rate model results. 

Consideration was given as to whether to examine real rates (and inflation) or nominal 
rates. Nominal rates were chosen as modelling the complex relationship of real rates and 
inflation was impractical and the availability of historical nominal rates was better. The 
actuary would refer to the Standards of Practice if guidance is required to develop 
inflation assumptions that are consistent with nominal rates generated by the calibrated 
stochastic risk-free interest rate model. 

3. HISTORICAL INTEREST RATES 
Historical Canadian risk-free interest rates, starting in the 1930s, are illustrated in the 
graph below. There are three distinct patterns, beginning with the low interest rates of the 
1930s depression through World War II, followed by steadily increasing interest rates 
through the 1970s and 1980s, and finally a period of steadily decreasing rates to the 
current day. It was decided to include historical experience to reflect these three periods 
as it was desired to include data from a sufficiently long period of history to include 
changes in the monetary system, fiscal policy, etc., that may have influenced the level 
and volatility of interest rates. 
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Historical Short-Term and Long-Term Government of Canada Bond Rates 

 
 

Source: Bank of Canada, Series V122541 and V1224873 
 

Although CANSIM series V122487 contains yields from 1919 to date, we have chosen to 
use only the rates since the founding of the Bank of Canada in 1935.  The yields shown in 
the series for the period prior to 1936 are calculated on a different basis from those for 
the period from January 1, 1936, forward. We have chosen to use the date from January 
1, 1936, rather than trying to adjust the older historical data to a consistent basis with the 
post-1936 data. 

Historical U.S. interest rates are illustrated in the graph below and show similar patterns 
to those in Canada. These are provided for informational purposes only, and were not 
used to determine the calibration criteria for Canadian interest rates. 

 

                                                 
3 The V122541 series is the Government of Canada Treasury bill – average yields – 3 month. The V122487 
series is the Government of Canada marketable bonds – average yield – over 10 years. 
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Historical U.S. 20-Year Constant Maturities Treasuries and One-Year Treasury 
Constant Maturity Rates 

 
 Source: Federal Reserve Bank of St. Louis 
 
The calibration criteria have been designed to support stochastic risk-free interest rate 
model development that would produce scenarios that have the following characteristics: 

• Produce a wide range of interest rate scenarios, consistent with historical ranges; 
• Produce periods of sustained low interest rates; 
• Produce periods of sustained high interest rates (but with low probability of 

sustained extreme highs); 
• Produce periods of trending low or trending high rates; 
• Produce periods of inverted yield curves; 
• Produce a reasonable slope between long-term and short-term rates; and 
• Move between lows and highs over reasonable periods of time. 

These characteristics can also be observed over the last 70 years in the graphs above. 

4. CALIBRATION CRITERIA FOR LONG-TERM INTEREST RATE MODELS 
This section provides the complete set of calibration criteria for the long-term risk-free 
interest rate, which is assumed to be a term of 20 years or greater. 

Calibration criteria have been developed for the two-year, 10-year, and 60-year horizons. 
Interest rate scenarios at the two-year and 10-year horizons will be influenced by the 
initial starting interest rate, so calibration criteria at each of a 4.00%, 6.25%, and 9.00% 
starting long-term interest rate are provided. At the 60-year horizon, the impact of the 
starting rate is assumed to be minimal, so only calibration criteria at a single starting rate 
of 6.25% are provided. The calibration criteria are focused on the tails of the distribution 
(i.e., ≤10th percentile and ≥90th percentile). 
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Using fixed initial rates for calibration addresses the practical issue that, in most cases, 
stochastic risk-free interest rate models will be parameterized and tested, and scenarios 
generated, in advance of the valuation date, and it is to be expected that interest rates will 
change over this period. 

The long-term rate calibration consists of the following three requirements: 1) satisfying 
60-year calibration criteria; 2) satisfying near-term (two- and 10-year) calibration criteria; 
and 3) satisfying a mean reversion constraint. 

The 60-year calibration criteria were established first, based on historical experience. The 
nearer horizon calibration criteria were then developed based on results from models that 
were parameterized to satisfy the 60-year calibration criteria. 

The sections below describe the development of the calibration criteria in more detail. 

4.1 Sixty-Year Calibration Criteria for the Long-Term Rate 
The steady state is defined to be the point in time beyond which the distribution of model 
generated interest rates changes only negligibly, or the influence of the starting interest 
rate is minimal. Ideally, calibration criteria would be set at the steady state point. 
However, since this point can be very far in the future, and can vary by model type and 
parameterization, it is assumed for calibration purposes that a projection horizon of 60-
years is sufficient to assume that steady state has been reached. The 60-year horizon 
criteria for the long-term rate are shown below. 

The 60-Year Calibration Criteria 

Initial Rate 6.25% 

Left-Tail Percentile 
2.5th 2.60% 
5.0th  2.80% 
10.0th 3.00% 

Right-Tail Percentile 
90.0th 10.00% 
95.0th 12.00% 
97.5th 13.50% 

These calibration criteria will be satisfied if the stochastic risk-free interest rate model 
produces results that are less than or equal to each of the left-tail calibration criteria, and 
greater than or equal to each of the right-tail calibration criteria, with a long-term starting 
rate of 6.25%. The calibration criteria are expressed as bond equivalent yields. 

Calibration criteria are provided for the left-tail and right-tail of the scenario distribution. 
From 1936 to 2012, Canadian risk-free long bonds had mean and median returns of 
6.16% and 5.30%, respectively4. The 40th to 60th percentiles are 4.69% and 5.99%, 
respectively. A range of values around the historical median may be produced and would 

                                                 
4 Compared to 6.35% and 5.55% in the original 2009 educational note reflecting experience through 2007. 
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be acceptable, although a median in the 4.50% to 6.75%5 range would generally be 
expected. A median outside of this range would need to be supported by justification. 

4.1.1 Comparison to Historical 
The following table and graph show that the updated calibration criteria are consistent 
with history through 2012 at most calibration points. 

Calibration 
criteria 

  1936–
2012 

Difference 

Left-Tail 
Percentile 

2.5th 2.60% 2.59% 0.01% 
5.0th  2.80% 2.81% (0.01)% 
10.0th 3.00% 2.97% 0.03% 

Right-Tail 
Percentile 

90.0th 10.00% 10.41% (0.41)% 
95.0th 12.00% 12.00% 0.00% 
97.5th 13.50% 13.37% 0.13% 

The following graph also shows that the calibration criteria are a close fit to historical 
experience through 2012. 

 
Source: Bank of Canada, Series V122487 

4.1.2 Comparison to Model Results  
The 60-year calibration criteria were tested against two commonly used and publicly 
available model forms, with two different sets of parameters for each. The aim of the 
stochastic risk-free interest rate model testing was to determine whether common model 

                                                 
5 In the 2009 educational note a range of 5.00% to 6.75% corresponded to the 40th and 60th percentiles of 
historical experience. With updated experience, the lower bound has been decreased to 4.50%. The upper 
bound has been maintained at 6.75%, consistent with the right-tail calibration criteria, which also remain 
unchanged from the 2009 educational note. 
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forms with reasonable parameterizations could produce scenarios that satisfied the 
calibration criteria. 

This was accomplished by testing different types of stochastic risk-free interest rate 
models, using two different parameterizations for each of the Cox-Ingersoll-Ross (CIR) 
and Brennan-Schwartz (BS) model forms. Testing results are shown in the table below. 
Details on the setup of the CIR and BS models are provided in appendix B. 

Sixty-Year Calibration Criteria—Model Testing Results 

Percentile Criteria 
CIR  
Parameter 
Set 1 

CIR  
Parameter 
Set 2 

BS  
Parameter 
Set 1 

BS  
Parameter 
Set 2 

      
      
2.5th  2.60% 1.94% 1.94% 2.31% 2.32% 
5.0th  2.80% 2.39% 2.40% 2.60% 2.60% 
10.0th   3.00% 2.99% 2.99% 2.99% 2.99% 
      

Median  5.97% 5.97% 5.26% 5.25% 
      
90.0th  10.00% 10.47% 10.46% 10.43% 10.40% 
95.0th  12.00% 12.02% 12.07% 12.95% 13.01% 
97.5th  13.50% 13.53% 13.54% 15.89% 15.96% 

4.2 Two-Year and 10-Year Calibration Criteria for the Long-Term Rate 
For calibration criteria at shorter horizon points, the initial starting rate is important. For 
this reason, calibration criteria suitable for low, average, and high interest rates at the 
starting environment were developed. History has shown that interest rates can move 
significantly over short periods of time, and it is desirable to reflect the dynamics of 
lower and higher starting rate environments. Long-term starting rates of 4.00% and 
9.00% were chosen as sample low and high rates to be used in developing the calibration 
criteria. This does not preclude the use of the calibrated model with long-term starting 
rates either below 4.00% or above 9.00%. Shorter horizon criteria for the long-term rate 
are shown below. 
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Two-Year and 10-Year Calibration Criteria 

Horizon Two-Year 10-Year 
Initial Rate 4.00% 6.25% 9.00% 4.00% 6.25% 9.00% 

Left-Tail 
Percentile 

2.5th 2.85% 4.25% 6.20% 2.30% 2.90% 3.65% 
5th  3.00% 4.50% 6.60% 2.50% 3.20% 4.25% 
10th 3.25% 4.80% 7.05% 2.85% 3.65% 4.95% 

Right-Tail 
Percentile 

90th 5.15% 7.80% 10.60% 6.85% 9.35% 11.60% 
95th 5.55% 8.30% 11.20% 7.85% 10.40% 12.80% 
97.5th 5.85% 8.70% 11.70% 8.85% 11.40% 13.90% 

These calibration criteria will be satisfied if the stochastic risk-free interest rate model 
produces results that are less than or equal to each of the left-tail calibration criteria and 
greater than or equal to each of the right-tail calibration criteria, for each of the three 
long-term starting rates. The calibration criteria are expressed as bond equivalent yields. 

To determine these calibration criteria, historical results were initially reviewed. 
However, since limited data are available to analyze the progression of rates from each of 
these starting rate environments, results from the CIR and BS model forms that had been 
used to test calibration criteria at the 60-year horizon were used to develop the shorter 
horizon calibration criteria. The two-year and 10-year calibration criteria were set by 
choosing the least constraining value at each calibration point from among the results of 
the four stochastic risk-free interest rate models referenced in appendix B. Models that 
satisfy these calibration criteria will produce a reasonable dispersion of interest rates at 
both the two-year and 10-year horizons. 

If the actual long-term starting rate is less than 4.00%, or greater than 9.00%, then the 
models will produce distributions of scenarios that are shifted relative to the calibration 
criteria in the table above, as illustrated in the following graph in the case of a starting 
rate that is lower than 4.00%. 

Appendix C provides a comparison of the long-term risk-free rate calibration criteria to 
the original calibration criteria developed for the 2009 educational note. 
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4.3 Mean Reversion Calibration Criteria for the Long-Term Rate 
Historical experience has shown that interest rates can stay at low levels for extended 
periods of time. The calibration criteria designed up to this point do not sufficiently 
constrain stochastic risk-free interest rate models to reflect economic environments where 
interest rates remain at low levels over an extended number of years. 

For this reason, an additional constraint was thought necessary for all stochastic risk-free 
interest rate models so that the rate of mean reversion would not be stronger (i.e., not 
shorter or quicker) than 14.5 years. 

For simple stochastic risk-free interest rate models with an explicit mean reversion factor, 
this requirement can be satisfied by considering the value of the mean reversion 
parameter directly. For more complex models, this requirement can be satisfied by using 
a mathematical proof or using the procedure in appendix D. 

5. SHORT-TERM RATE CALIBRATION CRITERIA 
This section provides the calibration criteria for the short-term risk free rate, which is 
assumed to be the one-year term. 

The approach to determine calibration criteria for the short-term rate was consistent with 
the approach used for the long-term rate. That is, the 60-year calibration criteria were 
established first based on historical experience. The nearer horizon calibration criteria 
were then based on results from models parameterized to satisfy the 60-year calibration 
criteria. Where there is overlap in the methodology described for the long-term rates, it is 
not repeated here. 

Historical experience for the one-year rate is only available from 1980 while historical 
experience for the three-month rate is available from the 1930s. Experience is highly 
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correlated between the two sets of rates as shown in the graph below. In order to have a 
historical period for the short-term rate consistent with that for the long-term rate, a 
synthetic set of one-year rates was derived based on the three-month term for the full 
period and the relationship between the three-month and one-year rates over the period 
from 1980 to 2012. Details of the method are found in appendix E. 

 

5.1 Sixty-Year Calibration Criteria for the Short-Term Rate 
The 60-year horizon criteria for the short-term rate are shown below. 

 

Sixty-Year Calibration Criteria 

 
Percentile 

Initial Rate 
4.50% 

Left-Tail 2.5th  0.80% 
5th 0.90% 
10th 1.00% 

Right-Tail 90th 10.00% 
95th 12.00% 

97.5th 13.50% 

These calibration criteria will be satisfied if the distribution of one-year rates produced by 
the model at the 60-year point are less than or equal to each of the left-tail calibration 
criteria and are greater than or equal to each of the right-tail calibration criteria, with a 
short-term starting rate of 4.5%. The calibration criteria are expressed as bond equivalent 
yields. 

5.1.1 Comparison to Historical 
For reference, the following comparison to historical experience is provided: 
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Percentile Calibration criteria Jan. 1936– 
Dec. 2012 

Difference 

Left-Tail 2.5th  0.80% 0.82% -0.02% 
5th 0.90% 0.91% -0.01% 
10th 1.00% 1.01% -0.01% 

Right-Tail 90th 10.00% 10.24% -0.24% 
95th 12.00% 12.14% -0.14% 

97.5th 13.50% 13.50% 0.00% 

The historical interest rates are based on the actual one-year rates from 1980–2012 and on 
the synthetic one-year rates from 1935–1979. The left-tail calibration criteria are rounded 
from the historical distribution. The right-tail calibration criteria are set equal to the right 
tail calibration criteria for the long-term rates, as the historical experience is similar. 

5.2 Two-Year Calibration Criteria for the Short-Term Rate 
Similar to the long-term risk-free interest rate, short-term starting rates of 2%, 4.5%, and 
8% were chosen as representative of low, medium-, and high short-term risk-free rate 
environments, respectively. This does not preclude the use of the calibrated model with 
short-term starting rates less than 2%, or greater than 8%. 

The two-year horizon criteria for the short-term rate are shown below. 

Two-Year Calibration Criteria 

Percentile Initial Rate 

2.00% 4.50% 8.00% 

Left-Tail  2.5th 0.85% 2.35% 5.50% 
5th  1.00% 2.70% 5.95% 
10th  1.15% 3.10% 6.40% 

Right-
Tail  

90th 3.00% 5.90% 9.75% 
95th 3.35% 6.30% 10.25% 
97.5th 3.60% 6.65% 10.65% 

These calibration criteria will be satisfied if the distribution of one-year rates produced by 
the model at the two-year horizon are less than or equal to each of the left-tail calibration 
criteria and are greater than or equal to each of the right-tail calibration criteria. The 
calibration criteria are expressed as bond equivalent yields. 

6. SIXTY-YEAR SLOPE CALIBRATION CRITERIA 
It is expected that the long-term and short-term rates will be correlated. As such, slope 
calibration criteria are provided. The calibration criteria also ensure that some scenarios 
produce inverted yield curves and that other scenarios produce steep yield curves. 
The distribution of the slope of the yield curve (defined as the long-term rate less the 
short-term rate) would satisfy the following 60 years into the projection. 
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Sixty-Year Slope Calibration Criteria 

Percentile Calibration Criteria 
5th -1.00% 
10th -0.25% 
90th 2.50% 
95th 3.00% 

These calibration criteria will be satisfied if the distribution of the slope values produced 
by the model 60 years into the projection are less than or equal to each of the left-tail 
calibration criteria and are greater than or equal to each of the right-tail calibration 
criteria. 

6.1 Comparison to Historical 
For reference, the following comparison to historical experience is provided. 

Percentile 60-Year Criteria Jan. 1936– 
Dec. 2012 

Difference 

Left tail 5th -1.00% -1.09% 0.09% 
10th -0.25% -0.23% -0.02% 

Right tail 90th 2.50% 2.56% -0.06% 
95th 3.00% 3.02% -0.02% 

 

The historical slopes are based on the difference between actual one-year rates and actual 
greater-than-10-year rates from 1980–2012 and on the difference between the synthetic 
one-year rates and actual greater-than-10-year rates from 1936–1979. 

7. MEDIUM-TERM RATE GUIDANCE 
Medium-term rates are assumed to fall in the five- to 10-year maturity range. Qualitative 
guidance for medium-term risk-free rates is provided rather than quantitative calibration 
criteria. 

The guiding principle for generating medium-term risk-free rates is that these rates would 
be generated using an appropriate methodology that logically connects the medium-term 
rates to the long-term and short-term rates. Depending on how the stochastic risk-free 
interest rate model is constructed, medium-term rates may be derived using one of 
following methods. That is, the medium-term rates may be either: 

1. Modelled directly, with its own stochastic process (such as those using the Hull-
White, CIR, Brennan-Schwartz, Black-Karasinski, or other single factor model 
forms), along with other points on the yield curve where each has its own 
stochastic process with appropriate correlation between these processes; or 

2. Modelled as a part of a principal component analysis, where changes in the yield 
curve characteristics (which can include, for example, one or more of yield curve 
level, slope, and curvature) are used to project the movements of the entire yield 
curve over time; or 
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3. Modelled where the entire yield curve is generated using term structure models of 
interest rates, with single or multiple factors; or 

4. Estimated based on the modelled short-term and long-term rates, where the short- 
and long-term rates are modelled with their own stochastic processes. 

Note that it is possible to directly calibrate the distributions of individual rates using 
methods 1 and 4, but not with methods 2 and 3. 

If method 1 above is used, the stochastic process(es) for the medium-term rate(s) would 
be calibrated as consistently as practicable with both the short- and long-term rates’ 
stochastic processes, so that the medium-term rate(s) will be consistent with both the 
short- and long-term rates. Consistency applies to both the calibration criteria 
methodology and to the final parameters selected. This is sufficient to meet the medium-
term guidance requirements, provided that both the long- and short-term rates meet their 
respective calibration criteria. 

If either of method 2 or 3 above is used, provided that the model is set up appropriately 
and that both the short-term rates and long-term rates meet their respective calibration 
criteria, the medium-term rates would naturally be consistent with both the short- and 
long-term rates. This is sufficient to meet the medium-term guidance requirements. 

If the medium-term interest rates are not modelled and are instead estimated based on the 
modelled long-term and short-term rates (i.e., method 4), then the following are examples 
of the estimation techniques that can be used to derive the medium-term rates: 

• Non-linear interpolation between short-term and long-term rates, or 
• Regression with the short-term and long-term rates being the dependent variables. 

The above estimation techniques would be sufficient to meet the medium-term guidance 
requirements, provided that both the long- and short-term rates meet their respective 
calibration criteria. 

While the actuary is not constrained to using one of the estimation techniques above, 
some methodologies would be considered inappropriate. Unless evidence can be 
provided to the contrary, or if the impact of using these methodologies is not material, 
linear interpolation based on the short-term and long-term rates, or assuming medium-
term rates are the same as the short-term or long-term rates, is not an appropriate 
methodology for the derivation of the medium-term rates and would not meet the 
medium-term guidance requirements. 

8. SCENARIO GENERATION 
The actuary would first demonstrate that the stochastic risk-free interest rate set satisfies 
all of the calibration criteria under the three sets of fixed starting rates: 

• Short-term rate 2.00%, long-term rate 4.00%; 
• Short-term rate 4.50%, long-term rate 6.25%; and 
• Short-term rate 8.00%, long-term rate 9.00%. 

This demonstration of calibration of the criteria would only need to be performed when 
the stochastic risk-free interest rate model and/or parameters are updated, or when the 
calibration criteria themselves are updated. 
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Once it has been demonstrated that the stochastic risk-free interest rate model has been 
properly calibrated, the model may be used to generate interest rate scenarios for 
valuation using the same parameters and at least the number of scenarios6 as was used for 
demonstrating calibration to the criteria, and by using actual starting risk-free interest 
rates that are appropriate for the valuation date. 

It is possible for only a subset of the scenarios to be used in the actual CALM valuation. 
A discussion on scenario reduction techniques is beyond the scope of this research paper, 
and the actuary would consult the literature that is available on this subject. The actuary 
may also refer to subsection 1510 of the Standards of Practice on the use of 
approximations. 

9. CALIBRATION CRITERIA FOR OTHER COUNTRIES 
The scenarios produced from stochastic risk-free interest rate models that satisfy the 
calibration criteria would be appropriate for valuations utilizing Canadian risk-free 
reinvestment assumptions. An actuary building a stochastic risk-free interest rate model 
for these U.S. government bonds and many (but not all) other developed economies 
would consider these calibration criteria as a starting point and make adjustments as he or 
she judges appropriate. In making such a judgment, rate history, market information, 
economic and political conditions may be considered. If calibration criteria relevant to 
the particular country or currency being modelled have been published, they could be 
used as an additional source of information and guide to aid the actuary in forming his or 
her opinion. It may be acceptable to use those calibration criteria if it can be 
demonstrated that they are broadly consistent with the calibration criteria in this research 
paper (either the calibration criteria themselves are broadly consistent, or the approach 
taken to develop the calibration criteria is broadly consistent with this research paper). In 
the absence of such a demonstration, it would not be appropriate to utilize the other 
country’s calibration criteria without adjustment. 

Countries with extended histories of either unusually low rates or high rates would be 
examples where the calibration criteria may not be appropriate. In some countries, history 
may be limited, and a wider distribution of rates relative to these limited observations 
may be needed in order to provide a margin for uncertainty. 

Finally, the calibration criteria would not be appropriate for developing and emerging 
markets. 

                                                 
6 It may also be possible to run fewer scenarios than were used for calibration, which then becomes part of 
scenario reduction techniques and use of approximations. 
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APPENDIX A 
The CALM liability is determined by modelling the asset and liability cash flows over a 
defined set of scenarios, and comparing the resulting insurance contract liability balances. 
If the deterministic approach is taken, the set of scenarios are the ones prescribed in 
subsection 2330 of the Standards of Practice plus supplemental scenarios the actuary 
deems appropriate to the risk profile of the insurance contract liabilities. The insurance 
contract liability is set to be in the upper range of the results, and at least as great as the 
highest insurance contract liability resulting from the prescribed scenarios. If a stochastic 
approach is used, a large number of different interest rate scenarios are generated 
stochastically, with the insurance contract liability calculated under each scenario. The 
insurance contract liability is set to be consistent with the Standards of Practice, at the 
discretion of the actuary. 

Stochastic Modelling of Interest Rates 
The stochastic modelling of interest rates is similar to the stochastic modelling of equity 
returns (which is in general used to model variable annuity investment guarantees). It 
differs in that an important part of the modelling of interest rate movements is an 
assumption of non-negative rates, and generally some form of reversion to a mean. The 
mean is usually chosen with regard to a relevant body of historical interest rates. The 
stochastic risk-free interest rate model used will define how rates move from one period 
to the next through a formula applied to values generated through a Monte Carlo 
simulation. The parameters in the stochastic risk-free interest rate model will typically 
represent mean-reversion level, volatility, and the strength (or speed) of the reversion to 
the long-run mean. This research paper on calibration criteria does not prescribe the 
stochastic risk-free interest rate model form, or the setting of the parameters, but rather 
focuses on the scenarios resulting from an application of the scenario generator. This 
allows the actuary flexibility in the selection of a standard model formulation, or the 
modification of a standard formulation to create a new stochastic risk-free interest rate 
model that provides a better fit for the individual application under analysis. 

Choice of Stochastic Modelling over Deterministic Modelling 
Stochastic modelling of interest rates is not a radical departure from deterministic 
measures. It is an enhanced form of scenario testing whereby a wide range of random 
scenarios are developed using a model that is a representation of interest rate evolution in 
real life. In deciding whether stochastic modelling of interest rates would be utilized for 
the valuation, the actuary would consider the complexity of the interaction of interest 
rates with the asset and liability cash flows within the CALM model, as well as the 
materiality of the impact of the interest rate volatility on results. If the product design is 
such that most of the liability outflows will occur within a relatively narrow range around 
the mean of the distribution of outcomes, an approach of using the best estimate plus an 
explicit margin is appropriate. If, however, there are high benefit outflows that only 
happen in low-probability areas of the distribution (the tails) then a stochastic approach 
can give a more appropriate picture of the extent of interest rate exposures. Stochastic 
risk-free interest rate modelling may also be the preferred approach where there is no 
natural best estimate, such as when modelling interest rates that will be available for 
reinvestments 25 years or more into the future. 
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Practical Considerations 
The stochastic CALM liability is set as the average of a subset of the highest resulting 
insurance contract liabilities. It is important to note that this can mean that the insurance 
contract liability is an average of scenarios that are neither the lowest interest rate 
scenarios nor the highest rate scenarios. For example, consider a product with high net 
positive cash flows from premiums in the next 10 years, and negative cash flows 
emerging over the subsequent 10 years, so that by year 20 the bulk of the cash flow is 
negative as benefits outweigh premiums and asset cash flows. An adverse scenario here 
will feature low interest rates in the first 10 years and higher rates in the years past year 
20. This is a natural outcome of the stochastic modelling. If there is a need to develop a 
single average interest rate vector for the purpose of subdividing a block of business after 
the CALM run, then an odd pattern is possible. 

Sample Types of Models in Common Use 
In this section, a sample of simple stochastic risk-free interest rate models is provided. 
The goal of this section is to illustrate how some stochastic risk-free interest rate models 
can be used in practice. This would not be construed as a recommendation of a specific 
stochastic risk-free interest rate model. As a matter of fact, more complex stochastic risk-
free interest rate models will allow a better fit to the calibration points. 

A common characteristic of most of the stochastic risk-free interest rate models 
considered here are that they are mean-reverting models. Mean reversion is a recognized 
property of interest rates, which is well documented in the available financial literature. 
Most of the stochastic risk-free interest rate models presented here are also characterized 
by a drift component and a diffusion component. The drift component defines the mean-
reversion level and the mean-reversion speed of the interest rate. The diffusion, or 
stochastic, component varies among the models presented here. The Nelson-Siegel model 
has a different formulation that is useful for capturing the dynamics of the entire interest 
rate curve. 

References below to Vasicek, CIR, and B-S are to a model form, as opposed to model. 
The differentiation is that the standard application of the models is to project out the 
short-rate (i.e., instantaneous rate), which is then used to imply out the entire forward 
yield curve. In this paper, the Vasicek, CIR, and B-S model forms are borrowed but are 
instead used to project out a single point on the par yield curve (as opposed to the short-
rate). 

Vasicek Model Form 
Vasicek, in its discrete model form, is given by the following equation: 

( ) ttt rr σεατα ++−= −11 , 

  where  
τ   is the mean-reversion level to which the process is reverting; 
α   is the mean-reversion speed, which would be between 0 and 1—a 0 

value would result in no mean-reversion while a 1 value would 
result in full reversion in next period; 

σ   is the volatility parameter; and 



Research Paper  December 2013 

22 
 

( )1,0~ Ntε . 

The projected steady-state interest rate follows a normal distribution given by 
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for sufficiently small time steps. 

Cox-Ingersoll-Ross (CIR) Model Form 
The CIR model has a similar form to the Vasicek model, but differs in that the diffusion 
component is scaled by the square root of the interest rate level. The model, in its discrete 
form, is given by the following: 

  𝑟𝑡 = (1 − 𝛼)𝑟𝑡−1 + 𝛼𝜏 + 𝜎�𝑟𝑡−1𝜀𝑡,  
where 

τ   is the mean-reversion level to which the process is reverting; 
α   is the mean-reversion speed, which would be between 0 and 1—a 0 

value would result in no mean-reversion while a 1 value would 
result in full reversion in next period; 

σ   is the volatility parameter; and 
( )1,0~ Ntε . 

One advantage of this model is that it produces a skewed distribution that gives a closer 
fit to history. The diffusion component is scaled by the square root of interest rate level, 
which ensures that the interest rate does not become negative; the closer the interest rate 
gets toward zero, the closer the formulation becomes a mean-reverting process with no 
random term. Therefore, the model form is able to generate scenarios with rates reaching 
levels observed in the early 1980s while avoiding negative interest rates in other 
scenarios. An analytical solution to the rate distribution exists at all future projection 
horizons. 

Brennan-Schwartz Model Form 
The Brennan-Schwartz model has a similar form to the CIR model, but differs in that the 
diffusion component is now scaled by the interest rate level. In its discrete form, the 
model is given by the following: 

( ) tttt rrr εσατα 111 −− ++−= , 

 where 
τ   is the mean-reversion level to which the process is reverting; 
α   is the mean-reversion speed, which would be between 0 and 1—a 0 

value would result in no mean-reversion while a 1 value would 
result in full reversion in next period; 
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σ   is the volatility parameter; and  
( )1,0~ Ntε . 

Due to the stronger scaling on the diffusion term, the resulting distribution of the interest 
rates will be more skewed, compared to that from the CIR model. 

Nelson-Siegel Model 
Unlike the model forms described above, which can be used to model the interest rate 
evolution for one particular term-to-maturity on the interest rate curve, Nelson and 
Siegel7 proposed in 1987 a model form that enables the modelling of the entire interest 
rate term structure. Almost two decades later, Diebold and Li8 showed that the Nelson-
Siegel model could be repositioned as a formula containing three factors that depict the 
characteristics of the yield curve, i.e., level, slope, and curvature (see figure 1). 

 
The model takes the form 
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where 
𝑦𝑡(𝑇)  represents the interest rate at time t with term to maturity 𝑇; 
𝐿𝑡 ,𝑆𝑡, 𝐶𝑡 ,  represent the level, slope, and curvature factors; and 
𝜆𝑡  governs the exponential decay rate for the factor loadings 

applied to the slope and curvature factors. 

For illustration purposes, figure 2 plots the slope and curvature factor loadings with 
respect to increasing terms to maturity T, given 𝜆 = 0.2. As is shown, the effect of the 
slope factor loading is strongest when T = 0 and exponentially decays toward zero as 
term to maturity grows. The influence of curvature factor loading on the other hand is 

                                                 
7 Charles R. Nelson and Andrew F. Siegel, “Parsimonious Modeling of Yield Curves,” Journal of Business, 

vol. 60 no. 4 (1987): 473-489. 
8 Francis X. Diebold and Canlin Li, “Forecasting the Term Structure of Government Bond Yields,” Journal 

of Econometrics, 130 (2006): 337-364. 
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primarily felt in the middle of the curve, and diminished at the shorter and longer end of 
the curve. 

Figure 2 Slope and Curvature Factor Loadings for 𝝀 = 0.2 

 

 
The modelling of interest rate curves is done through the projection of each of the level, 
slope, and curvature parameters. Given the low correlation between these parameters 
observed from history, independent single-factor model forms such as the ones described 
earlier in this appendix may be used to project the Nelson-Siegel parameters forward 
through time. 

Among its key advantages, the Nelson-Siegel model provides an intuitive approach to 
modelling the entire interest rate term structure and has been proven to be able to fit a 
wide range of curve shapes observed in Canadian and U.S. history. However, calibrating 
the model does pose a challenge as it normally requires a large volume of historical data 
to permit the definition of levels, slopes, and curvatures. 
 

Slope factor 
loading 
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APPENDIX B 
This appendix presents the model parameters and model specifications for the stochastic 
risk-free interest rate model forms used in the development of the calibration criteria in 
this research paper. 

This information is provided to ensure transparency and to assist the actuary in 
understanding how the stochastic risk-free interest rate models are calibrated and used in 
determining the criteria. The actuary is cautioned against simply using these stochastic 
risk-free interest rate models in his or her work, but should instead develop sufficient 
expertise to apply actuarial judgment in selecting a particular stochastic risk-free interest 
rate model form and parameters, consistent with the calibration criteria. 

The following forms of the Brennan-Schwartz model were used for developing and 
testing the criteria: 

Long-term rates: 
( ) t

l
t

l
t

l
t rrr εσταα 1111111 −− ++−=  

Short-term rates: 
( ) t

s
t

s
t

s
t rrr ζσταα 1222121 −− ++−=  

 where for i = 1, 2:  

iτ   is the mean-reversion level to which the process is reverting; 

iα   is the mean-reversion speed; 

iσ   is the volatility parameter; 

( )1,0~, Ntt ζε ; and 
),( ttcorrel ζερ = .  

In determining the criteria, two sets of parameters are considered and are shown in the 
following table. While the annualized parameters are shown below for illustrative 
purposes, the corresponding monthly parameters were used in the actual modelling. Both 
parameter sets are estimated by fitting long-term and short-term rate model forms to their 
respective 60-year horizon calibration criteria. The correlation parameter is estimated as 
the historical correlation between the long-term and short-term rate movements over the 
entire history. 

Annualized  
Parameters 

(i = 1, 2) 

Parameter Set 1 Parameter Set 2 
Long-Term 
Rate Model 

Short-Term 
Rate Model 

Long-Term 
Rate Model 

Short-Term 
Rate Model 

iα  
(𝟏 𝜶𝒊⁄ )9 

3.50% 
(28.6 years) 

4.00% 
(25.0 years) 

6.00% 
(16.7 years) 

7.00% 
(14.3 years) 

iτ  6.22% 5.70% 6.23% 5.70% 
iσ  14.00% 36.90% 18.26% 49.58% 
ρ  0.6058 0.6058 

                                                 
9 In the tables above, the rate of mean reversion in years is defined as 1/ the mean-reversion speed. 
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The following form of the CIR model was used for developing and testing the criteria: 

Long-term rates: 

  rtl = �1-α�rt-1
l + ατ + σ1�rt-1

l εt, 

Short-term rates: 

  𝑟𝑡𝑠 = (1 − 𝜙)𝑟𝑡−1𝑠 + 𝜙(𝑟𝑡−1𝑙 − 𝜃) + 𝛽(𝑟𝑡𝑙 − 𝑟𝑡−1𝑙 ) + 𝜎2�𝑟𝑡−1𝑙 𝜁𝑡,, 

 where 
τ   is the mean-reversion level to which the long-term rate is reverting; 
α  is the mean-reversion speed of the long-term rates; 

1σ  is the volatility parameter of the long-term rates; 
θ   is the steady-state spread between short-term rates and long-term 

rates; 
φ   is the strength of mean-reversion; 
β   is a constant linked to the variation of long-term rates from one 

period to the next; 

2σ   is the volatility parameter of the short-term rates; and 
( )1,0~, Ntt ζε . 

Similar to the Brennan-Schwartz case, two sets of parameters are used for developing the 
criteria and the parameters are estimated by fitting the model forms to their respective 60-
year horizon calibration criteria. While the annualized parameters are shown below for 
illustrative purposes, the corresponding monthly parameters were used in the actual 
modelling. 

Annualized 
Parameters 

(i = 1, 2) 

Parameter Set 1 Parameter Set 2 
Long-Term 
Rate Model 

Short-Term 
Rate Model 

Long-Term 
Rate Model 

Short-Term 
Rate Model 

α  
(1/ )α  

4.25% 
(23.5 years) 

n/a 6.00% 
(16.7 years) 

n/a 

φ  
)/1( φ  

n/a 9.29% 
(10.8 years) 

n/a 9.29% 
(10.8 years) 

τ  6.45% n/a 6.44% n/a 
iσ  3.48% 4.19% 4.12% 4.19% 

θ  n/a 1.49% n/a 1.57% 
β  n/a -1.081 n/a -1.081 
ρ  0.6058 0.6058 

For both the Brennan-Schwartz and the CIR models, when used to derive the short-term 
rate calibration criteria at near terms, the long-term rate model parameters were paired 
only with the short-term rate model parameters within the same parameter set. Long-term 
rate calibration criteria were based solely on long-term rate model forms. The rates were 
projected at a monthly time step and at least 10,000 scenarios were run to ensure 
convergence. 
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APPENDIX C 
This appendix provides a summary of how the long-term risk-free interest rate calibration 
criteria in this research paper compare to the original calibration criteria presented in the 
2009 educational note. 

For calibration at the 60-year point, the current calibration criteria and the original 
calibration criteria are shown in the following table, as well as the available historical 
experience that was used to derive each set of criteria: 

 
For the two-year and 10-year calibration criteria, the differences between the current 
calibration criteria and the original calibration criteria in the 2009 educational note are 
shown in the following table: 

  

Calibration Criteria for Long-Term Interest Rates

60 – Year Horizon

Published
Criteria

Revised
Criteria

Change

Left-tail Percentile

2.5th 2.60% 2.60% -

5th 2.95% 2.80% (0.15)%

10th 3.40% 3.00% (0.40)%

Right-tail Percentile

90th 10.00% 10.00% -

95th 12.00% 12.00% -

97.5th 13.50% 13.50% -

Change in Calibration Criteria Revised to Published

2-Year Horizon 10-Year Horizon 60-Year Horizon

Initial Rate Initial Rate Initial Rate

4% 6.25% 9% 4% 6.25% 9% 6.25%

Left-tail 
percentile

(0.10)% (0.15)% - (0.20)% (0.30)% (0.35)% -

(0.10)% (0.15)% 0.05% (0.20)% (0.30)% (0.20)% (0.15)%

(0.05)% (0.15)% 0.10% (0.15)% (0.25)% (0.05)% (0.40)%

Right-tail
Percentile

90th 0.10% 0.10% (0.10)% 0.25% 0.30 - -

95th 0.15% 0.15% (0.10)% 0.40% 0.15 - -

97.5th 0.15% 0.10% (0.10)% 0.60% - - -
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APPENDIX D 
One purpose of the calibration criteria is to ensure that scenarios robustly represent 
periods of sustained low rates, which limit investment income on reinvestments needed to 
support long-term guarantees. Although single-point-in-time tail calibration criteria go 
some way to ensuring this outcome, they do not exclude stochastic risk-free interest rate 
models that produce scenarios in which periods of low rates tend not to be sustained, so 
that few scenarios would display low interest rates averaged over a potentially extended 
period during which reinvestment could be financially important. Sustained periods of 
low rates can be statistically demonstrated if the scenarios that are relatively low in early 
years tend to stay relatively low in later years. As an example, although other approaches 
are possible, and as an alternative to a mathematical proof, satisfaction of the mean 
reversion criterion can be demonstrated with the following procedure: 

1. Sort scenarios for lowest to highest long-term rate at projection year T0, where 
T0 is sufficiently long to accumulate substantial dispersion in rates, but not so 
long as to be beyond most expected reinvestments. For a typical long-term 
guaranteed block, T0 might be in the range of five to 10 years. 

2. Group the scenarios by rate quartile at T0, from lowest (quartile 1) to highest 
(quartile 4). Calculate the magnitude of dispersion of low-rate scenarios from 
central scenarios dispersion (T0) = average rate (T0) within quartile 1 – average 
rate (T0) within combined (quartile 2 and quartile 3). 

3. Using the same scenario grouping (ranked at T0, not re-ranked at T0+10) 
calculate 10-year-later dispersion (T0+10, ranked T0) = average rate (T0+10) 
within quartile 1 – average rate (T0+10) within combined (quartile 2 and quartile 
3). 

4. The mean reversion criterion over the projection period from T0 to T0 +10 is 
satisfied if dispersion (T0+10, ranked T0) > = 0.5 * dispersion (T0). 

5. If the actuary can demonstrate that the model rate of mean reversion is similarly 
robust across other projection periods, this single test would be sufficient. If not, 
the test would be repeated across sufficient financially-meaningful periods to 
demonstrate sustained periods of low rates. 

6. Should periods of sustained high rates be financially stressful for a particular 
application in the opinion of the actuary, the demonstration would be repeated for 
these rates (quartile 4 relative to quartiles 2 and 3). 

A model with a single regime and simple linear mean reversion (i.e., E(r(t+dt) =r(t) + (1/ 
reversion period)* dt* (long-term mean – r(t)) can be demonstrated to satisfy this 
calibration criteria (with sufficient numbers of scenarios) if the reversion period > 14.5 
years10. If the projection period (dt) is greater than one month, the mean reversion period 
threshold may need to be slightly adjusted. 

Models would generally not be used with characteristics that would invalidate the 
statistical intent of this criterion (i.e., a cyclical component of rates with roughly 10-year 

                                                 
10 With this simple mean reversion, at the continuous limit, E(r( t+n))= long-term mean + exp(-n/reversion 
period) *(r(t) – long-term mean). For an elapsed period n of 10 years, the exponentially decaying weight on 
initial rate will be >= 0.5 when mean reversion period >= 10/ ln(2) =14.42. 



Research Paper  December 2013 

29 
 

periodicity). Should exceptional circumstances make such a model appropriate in the 
opinion of the actuary, the actuary would develop robust statistical methods appropriate 
to the model characteristics to demonstrate substantive sustained periods of low rates, 
consistent with this criterion. 

Finally, it appears likely that stochastic risk-free interest rate models that satisfy both the 
long-term equilibrium tail calibration criteria, and reproduce close to historically 
representative volatility, will also satisfy this mean reversion criterion, although some 
models may possibly require modest parameter adjustment. Some mean reversion 
estimates based upon statistical fit to rate change history may estimate somewhat stronger 
(shorter period) or weaker (longer period) mean reversion than that of this calibration 
criteria. Statistical estimates of mean reversion tend to have large uncertainty, and may 
vary greatly depending upon the specific historical period used for estimation. Therefore, 
mean reversion that is stronger than that of this criterion, even if it is a statistical best 
estimate, may provide spurious comfort regarding the potential likelihood of sustained 
periods of extreme rates. 
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APPENDIX E 
The historical one-year rates from 1936–1979 were estimated as follows: 

• Start with two monthly historical data series: three-month rates (Bank of Canada 
Series V122541) and one-year rates (Bank of Canada Series V122533). Pair the 
data according to dates. From 1936–1979 the one-year rates are missing and the 
“pair” consists only of the three-month rate. 

• Re-sort the monthly pairs of three-month and one-year historical time series data 
into ascending order, ranked on the three-month rate. The result is that the 
missing one-year rate data points are now interspersed throughout the re-ordered 
data series. 

• Calculate the empirical percentiles for the three-month rates and assign this 
percentile to each of the pairs of data points. 

• Using linear interpolation based on the three-month rates’ percentiles and the 
available one-year rates, fill in the missing one-year rates, as follows: 

( ) PP
PP
STST

STST txx
txsx

txsx
txx −

−+

−+
− −×

−
−

+= , where 

o x is an index value (when ordered based on the three-month rates) that 
corresponds to a missing one-year rate; 

o x-t is the index value of the prior available one-year rate, when sorted on 
the three-month rates in ascending order; 

o x+s is the index value of the next available one-year rate, when sorted on 
the three-month rates in ascending order; 

o STx is the missing one-year rate at index x; STx-t and STx+s are the prior 
and next available one-year rates, respectively, when sorted on the three-
month rates in ascending order; and 

o Px-t, Px and Px+s are the empirical percentiles associated with the three-
month rates. 

• Re-order the one-year historical data series, such that it is back in chronological 
order. The rates from 1936–1979 are the synthetic one-year rates; the rates from 
1980 onwards are the actual one-year rates observed over this period. 

The final one-year time series is shown on the graph below, along with the three-month 
time series, for comparison. 
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Source: Bank of Canada, Series V122541 and V122533 
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